Primes and Zeta Functions

PROMYS - Joshua Im
July 3 - August 10, 2023

Primes and Zeta Functions is a course that I took in summer 2023, in the
summer program PROMYS by Prof. Li-Mei Lim. Even though the lecture went
until August 10th, there are notes only up to August 2nd since I can’t find my
notes taken. Sections are divided by each week, and subsections are divided by
each day of lecture. Problem sets were given every lecture, and listed after the
subsections of each day. Problem sets should be ahead of lecture notes. Also, any
problem given as a declarative statement should be taken as a PODASIP: Prove
Or Disprove And Salvage If Possible. I thank Eamon Zhang and Jack Hsieh for
helping me with taking notes.

Week 1

11 July 3, 2023

Definition 1.1: Squarefree

A natural number is squarefree if it has no perfect square factors other than
1.

So 21, 35, and 1 are squarefree, and 12 and 36 are not squarefree.

I Question How many squarefree integers are less than 1007
Method We count the multiples of 4, 9, 25, ... Since there are
99 99
{4J multiples of 4, {QJ multiples of 9,
99 . 99 .
L%J multiples of 25, LIQJ multiples of 49

we subtract them.
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Remark

Note that we counted multiples of 36 twice: from multiples of 4 and multiples
of 9.

Method
. 3 .
Approximately 1 of the numbers aren’t divisible by 4.
8
Approximately 9 of the numbers aren’t divisible by 9.

24
Approximately % of the numbers aren’t divisible by 25.

. 3\ /8\ /24 /48
So approximately 99<4) (9) (25> (49) ~ 62.06 numbers less than 100 are
squarefree.

Problem Set 1

Numericals

Problem 1

Estimate the probability that a natural number less than 1000 is squarefree.
What (approximately) is the probability that a natural number less than 2500
is square-free? Less than 50007 Less than 100007

Problem 2

Consider integer lattice points in the first quadrant (not including lattice points
on the z- and y-axes). Among lattice points with no coordinate greater than
100, how many have relatively prime coordinates? What if you allow coor-
dinates up to 10007 Approximate the number of lattice points (a,b) with a,
b € N and a < 10000, b < 10000 such that ged(a,b) = 1.

Problem 3

Natural questions that arise from P1 and P2 could be: What is the probability
that a random natural number is squarefree? What is the probability that a
randomly chosen lattice point in the first quadrant (excluding lattice points
on the axes) has relatively prime coordinates? Write down infinite sums and
infinite products to represent these probabilities, and explain why these are
the right expressions. Do you think these expressions have a value, and can
you say approximately what they are?
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Convergence
Let s1, s2, S3, S4, ... be a sequence of real numbers.

Definition 1.2: Convergence

A sequence {s,} converges to L if for every ¢ > 0 there exists N such that
|sn, — L| < € for all n > N.

Problem 4

Let s, = r™ for some real number . When does this sequence have a limit,
and what is it in those cases?

Problem 5

Let s, = n® for some real number ov. When does this sequence have a limit,
and what is it in those cases?

Problem 6
(oo}

Write down a definition of what it means for an infinite sum Z ay, to converge
k=0

(have a value). Write down a definition of what it means for an infinite product
o0
H ap to converge. Give examples of infinite sums and products that don’t
k=0
converge.
Problem 7
n
a(l —rntt
The partial sum ar is equal to
P > artiseq -

k=0
if and only if the common ratio  has absolute value less than 1. If the geometric
(o)

, SO a geometric series converges

. . a
series E ar® converges, 1t converges to 1
k=0

Miscellaneous

Problem 8

Consider the parabola y = 22. Choose two arbitrary points on the parabola,
A = (a,a®) and B = (b,b%), and let C be the point on the parabola that
has z-coordinate halfway between the z-coordinates of A and B (so C has
x-coordinate ‘IT“’) If D is the point on the parabola whose z-coordinate is
halfway between the z-coordinates of A and C, then show that triangle ABC
has 8 times the area of triangle AC'D. By continuing this process, show that
the area of the region bounded by the line segment AB and the parabola has

% the area of triangle ABC.
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1.2 July 5, 2023

I Question How many squarefree integers are less than N7

If we ignore the cross terms (ones that counted multiple times), we get

111 1
N(1—22—32—52—---):N<1_ 3 2>z0.54N.
p prime

Lemma : Fundamental Theorem of Arithmetic

Every integer greater than 1 has a unique prime factorization.

Definition 1.3: Mébius Function
The Mébius function p(n) is defined by
1 if n is a squarefree positive integer with even prime factors

u(n) = ¢ —1 if n is a squarefree positive integer with odd prime factors

0 if n is not squarefree.

If we do not ignore the cross terms, we get

1 1
+22~32+22-52

1 1 1 1
= 1_272 1_§ 1_?

because we have unique prime factorization. In this way, we can express an infinite
sum as an infinite product.

Remark

The infinite sum can also be expressed as
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Problem Set 2

Infintie Sums and Products

Problem 1

o0
If Z ay is a convergent sum with positive terms, and if 0 < by < ay, for all k,
k=0

[o ]
then Z by converges.
k=0

Problem 2

o0

If Zak is a divergent sum with positive terms, and if 0 < ap < by for all k,
k=0

then Z by, diverges.

k=0

Problem 3

[ee]
1
The series Z z diverges.
k=0

Problem 4

— 1
The series Z =] converges if and only if s > 1.
k=0

Problem 5

o) —1
1 1
The series E =] is equal to the infinite product H <1 — S) , where
k=0 p prime p

the product runs over all positive primes.

Numericals

Problem 6

n
1
Using a calculator or computer program, compute Z w2 for several values of
k=1

o0
1
n. Estimate Z =R Compare your estimate from P5 to your estimates from

k=1
P3 in Pset 1. Try multiplying them.
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Problem 7

o 2k 2k
Compute some partial products for the infinite product H - =
it 2k—1 2k+1

=N

44
. .

Problem 8

Use a graphing calculator or computational software, compare the graphs of
sinx to the product expression and series expression (using partial products
and sums as approximations):

sinx = x - H ( k27r2)
k=1

Series Expressions for Functions

Problem 9
If a function f(x) "is" an infinite polynomial Z crx®, then the coefficients ¢y,
k=0
satisfy
F*(0)
cp = ——=.
k!

Here, £(*)(0) is the k-th derivative of f evaluated at 0. Note that we say 0! = 1,
following the convention that empty products should be 1.

Problem 10
& (—1)kx2k+1
sinx = Z W, Compare the graph of sinz with partial sums of this

k=0
series.
Problem 11
log(l — z) = Z = (Note: here log is the natural log, sometimes also

written In.) Compare the graph of log(1 — z) to partial sums of this series.
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1.3 July 6, 2023

() - I

p prime p prime
= I (1+12+14+---)
p prime p p
1 1 1 1 1 1
<1+22+24+~~~><1+32+34+~~>(1+52+54+~~~
00
:1+212+312+412+-~-:217112.

Definition 1.4: Riemann-Zeta Function

The Riemann-Zeta function is defined as

=1
C(s) = P
n=1
o0
p(n) 1 1
WS (1)
n=1 n p prime p 4(2)
Theorem 1.1: Basel Problem
=1 2
2) = —_ = —.
¢(2) ;nz e

We first define the power series, which is the fundamental part in the proof.

Definition 1.5: Taylor Series

The Taylor series of a function f(z) is

s (n) "
flz) = ZfT(O)x” :f(0)+f'(0)x+f27(|0):c2+~--.
n=0 ’ '

Then this polynomial equals to f(x).

Proof. We compute ((2) by approximating sin z as polynomials.
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Then, the Taylor series of sinz is

; 700 (*1)k 2k+1 _ x3 x° x7

n=0

We have another way to find a polynomial expression of sinz. Since the roots of
sinx are ---, =27, —m, 0, 7, 27, - - -, We can express sinx as

sinz = ax(z —7m)(x+ 7)(x — 2m)(z +2m) - - -.

sinx

From the identity lim

R

S ODICHICEICEOR
(200 ) -

=1, we can find a, and

Therefore, we get

> x5 a7 x? x? x?
If we compare the coefficients of z3, we get
11 1 11 1+14_1+
31 w2 4x2 9x2 g2 22 32
So
1 11 w2
e [ |
;nQ +22+32+ 6

Problem Set 3

Numericals

Problem 1

Make two lists of primes: the primes that are 1 mod 4 and the primes that are
3 mod 4 (up to 50, 100, 150, higher?). Prove that there are infinitely many
primes that are 1 mod 4, and that there are infinitely many primes that are 3
mod 4.

Problem 2
Repeat P1, but with 1 mod 3 and 2 mod 3. Any conjectures?
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Special Values

Problem 3

> 1 1 1 1 1
Evaluat =14 o4 =
VauaenZ:O(QnJrl)Q +9+25+49+81+

Problem 4
=1
Evaluate ((4) = Z —-
n=1 n
Problem 5
=1
Evaluate ((6) = Z 5
n=1
Miscellaneous
Problem 6
o 2k 2k 2 2 4 4
Prove that g = HZk—l "M+l - 13385 (Note: If you
=1

want to avoid Euler’s product formula for sine, use integration by parts to
w/2
evaluate / sin” x dz. You may find that n even and n odd should be treated

0
separately.)

Problem 7
2

™
Prove that ¢(2) = 3 in another way. One suggestion: First, find an expression

o0
for arcsinz as an infinite (polynomial) series arcsinz = E crx®.  Setting
k=0

x = sint, get a series for ¢ in terms of powers of sint. Integrage from 0 to /2.
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Week 2

2.1 July 10, 2023

Let {an} be a sequence. We define a liew sequence {S,} by the partial sums, so

Sp = Z a;. Then, the infinite series Z converges if the sequence {S,,} converges.
i=1 i=1

Example 1
Consider the geometric series a; = 1/2°~1. Let S,, be the partial sum, so
1 1 1 1
Spn=14+-+=-+--- =2—-—.
+>2 +>4 + +-2n—1 2n—1

We claim the series converges to 2.

Proof. For any ¢ > 0, we claim that there exists N such that <eifn>

2n71

1 1
N. Then, we need 2"~! > —. This implies n > log, () + 1, so set N =
€ €

o ()] .

Theorem 2.1: Convergence of the Geometric Series

The geometric series

a+ar+ar2+~-~:Zar”

a
converges to T if and only if |r| < 1.
-r

We now move on: when does ((s) converges? For instance,

1
¢(0) = F+@+§+ =141+14---
diverges, and
C(l)—l—I-}-i-l—i—
123

also diverges.
We first prove that the harmonic series diverges.

10
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Lemma : Divergence of the Harmonic Series

The harmonic series
=1
—=1 + + -
IDPRERE A
diverges.

Proof. We see that

o0

2:3—1+1+1+
no 2 3

n=1
—1+1+ 1+1 + 1+1+1+1 +
- 2 3 4 6 7 8

1

4

5
N
4 878 88

>1+1+

= 2
—1+1+1+1+
- 2 2 2

So for any M, eventually all partial sums will exceed M, therefore the series
diverges. ]

Theorem 2.2: Convergence of the Riemann-Zeta Function

1
¢(s) = = + =ttt
ns 3S
n=0
converges for s > 1.
Proof.
> 1
)= =1+t +
n=0 n 3

S T I (L
- 92s 3s 48 5s 65 7s

ST () IV (LS S
25 28 45 45 45 45
1 1
=14+2-—+4-
2 A
:1+21—S+41—S+._.7

so ((s) is bounded above by is a geometric series. Since the geometric series

11
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converges for 217 < 1, we get that

1 1 1
((s):Z—*1+27+§+"'

n&
n=0

converges for s > 1. |

Problem Set 4

Some Special Functions

Problem 1

Characterize all primes that are ¢ mod m, where ged(a, m) > 1.

Problem 2

Consider a function f : Zy — C. If f satisfies f(ab) = f(a)f(b), then what
could f possibly be? What if we add the condition that f(a) = 0 if a is not a
unit in Z4?

Problem 3
How would P1 change if Z, were replaced with Z,7 Z,,?

Problem 4

How many functions f : Z,, — C are there that satisfy f(ab) = f(a)f(b) and
fla)=0isa ¢ Uy,?

Bounds for {(s)

Problem 5
By inducting on N, show that, for s > 1,

N
1 _ 1 Z i <1 1 _ 1 .
s—1 (s=1)(N+1)s- —n’ -1 (s—1)Ns—1
You may find the following inequality useful:

if x> —1and o > 0.

oxr
1 “>1
(1+x)*> +1+x

Problem 6

Prove the inequality given above. (It may be easier to prove that (1 + x)* >
1+ ax for a > 1 and = > —1 first.)

12
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Problem 7
lim (s —1)¢(s) = 1.

s—1t

Miscellaneous

Problem 8

For any N € N, there exist consecutive primes p and ¢ that are at least IV
apart. (That is, there are at least N composite natural numbers in a row.)

2.2 July 12, 2023

o0
1
The fact that E — diverges could be interpreted as
n

n=1

"There are a lot of natural numbers."

1
We now look for subsets S of N and Z -7 S0 we can decide how ’'big’ S is.
nes

Example 2
If S = {n?|n € N}, then

1 1 2
PO DI
nes n=1

converges.

Example 3
If S ={2"|n € N}, then

converges.

Example 4
If S ={2n|n € N}, then

diverges.

13



Primes and Zeta Functions PROMYS - Joshua Im (July 3 - August 10, 2023)

Example 5

1
If S = {Squarefree numbers}, does E — converges or diverges?
nes

Solution Notice that

Sie (0G0

nes p prime
Then,
1 1\ ! 1
R I 00
nes n p prime p p
1
P
=Y =<
n=1
So 116
Y- S,
2
nes " C(Q) T
diverges.

Problem Set 5

Convergence of Infinite Sums and Products

Problem 1
If > a, and > b, are series with positive terms such that
a
lim — =c¢
n—oo n

where 0 < ¢ < oo, then either both series converge of both series diverge.
Explain this intuitively before getting e involved.

Problem 2

Let > a, be a series with positive terms. Then Y a,, converges if and only if
[1(1 + a,,) converges.

14
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Problem 3

If ¢, > 0 and ¢, # 1 for all n, and if > ¢, converges, then [ ﬁ converges,
and the product can be expanded and rearranged in the "natural way" where
each factor in the product is written as a geometric series.

Dirichlet Density
Definition 2.1: Dirichlet Density

We define the Dirichlet density of a set of primes P to be

dpepP "
P)= lim =2
d(P) T+ log(s — 1)1

Problem 4
The set of all primes has Dirichlet density 1.

Problem 5
If P is a set that contains all but finitely many primes, then d(P) = 1.

Problem 6
A finite set of primes has Dirichlet density 0.

Problem 7
If P, and P; are two disjoint sets of primes,then d(P, U Py) = d(Py) + d(P).

Miscellaneous

Problem 8

Another natural way to define the density of a set of primes P could be:

P X
D(P) = Xlgnoo s €7r()|(]; : }7

where 7(X) is the number of primes less than X. The set of primes with first
(decimal) digit 1 does not have a density in this sense, but does have a Dirichlet
density.

15
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2.3 July 13, 2023
Problem Set 6

Dirichlet Characters and L-functions
Definition 2.2: Dirichlet Character
A DIrichlet chatacter mod m is a function x : U,, — C that satisfies
x(ab) = x(a)x(b).
We extend x to all of Z using periodicity (i.e. x(a +m) = x(a)) and by defining
x(a) =0 is ged(a, m) # 1.

Problem 1

Dirichlet characters are totally multiplicative. That is, x(ab) = x(a)x(b) for
all a, b € Z.

Problem 2

For each Dirichlet character x mod 4, compute

Problem 3

In general, what is the sum

where x is a Dirichlet character mod m?

Problem 4

If you fix an integer and vary the characters instead, what happens to the sum?
That is, if you let S be the set of Dirichlet characters mod 4 (for example),

compute
> x(a).

XES

16
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Problem 5

If a1, as, as, ..., is a totally multiplicative sequence (that is, ;. = amay, for
all m and n in N), and if |a,| <1 for all n, then

a 1
ni
;;7 H 1—a,p~s

p prime

for s > 1, and both the sum and product can be rearranged.

Problem 6
If  is the Dirichlet character mod 4 with x(3) = —1, we define
Lis) = Yo X
n=0 n

This converges for s > 1 and has an Euler product.

Problem 7
Using ((s), L(s, x),and logarithms of these functions, find an expression that
is approximately
1
>

p=1 mod 4 p

What is the error between your expression and this sum? What about the sum
over primes that are 3 mod 4 instead of 1 mod 47

Week 3

3.1 July 17, 2023

Example 6

1
If S = {Prime numbers}, does E — converges or diverges?
nes

Solution We saw that

neN p prime
and
2 LES
—log(1l — ) = T
og(l—x)=x+ > + 3 +
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if |z| < 1. Then,

log{(s) =log Y ( )_1

p prime
—log Z < )
p prime

= > (1+1 T )
— - 5 3

p prime ps 2p ° 3p °
Sy iy v L

p prime p prime n>2

1 2
We claim that Z Z —— is bounded above by % Since
np

pprimen>2

1 1 1
> Z*Z > 22 33 T aph T

p prime n>2 p prime
1 1 1
< > o Rl
p prime
- > ()
= n2\1_1
pprimep 1 p
1 1
< — <=
cY el
p prime neN

2
Z Z —— is bounded above by E We also see that this is bounded below

p prime n>2

by 0. Therefore,

1 . 1
>, ,=tm > 5

p prime p prime

= lim log((s) — > Z—

s—1+
pprimen>2

7.‘_2
> lim 1 - —
A loadls) =

diverges because log ((1) diverges.

18
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Lemma : Fermat

If p| 22 + 1 and p is prime, then p is either 2 or 1 mod 4.

Theorem 3.1: Infinite Primes of 1 mod 4

There are infinitely many primes that are 1 mod 4.
Proof. Suppose there are finitely many primes of the form 1 mod 4, p1, po, . .., Dk-
Let p = pip2 - - - pr. Then we can generate a new prime by 4p® + 1.

Consider a prime p; such that p; | 4p? + 1. Since 4p? + 1 is odd, p; cannot be
even, hence p; is 1 mod 4. Then, p; | p because p is the product of all 1 mod 4

primes. Then, p; | 4p®> + 1 — 4p* = 1, which is a contradiction. Therefore, there
are infinitely many 1 mod 4 primes. |

Problem Set 7

Dirichlet Characters and L-functions

Problem 1
Let x(n) be the Dirichlet character mod 3 with

1 fn=1 mod3

x(n) =< -1 ifn=2 mod3
0 if3|n
Then L(s, x) = i x(n) converges for s > 0 and is equal to H ! —
= ot 1= x()p~*
when s > 1.
Problem 2

With L(s, x) as in P1, L(1, x) converges. Do some numericals to see if you can
guess what the sum is.

Problem 3
With L(s, x) as in P1, what is L(2, x)?

Problem 4

Using L(s, x), show that there are infinitely many primes that are 1 mod 3,
and infinitely many primes that are 2 mod 3.

19
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Other Primes and Zeta Functions
For a Gaussian integer a = a + bi, we defined the norm to be Na = a? + b2.

Problem 5
If a # 0, Na = #Z]i]o. (Notice the analogy with |n| = #Z,, for integers n.)

Problem 6
Let K = Z][i], and define the zeta function

1
(s)=1] TN
(m)

where the product is taken over nonassociative irreducible elements of Z[i].
For example, only one of 1+ 2i, —2 4+ 4, —1 — 24, and 2 — 4 contribute to the
product. Then (x(s) converges for s > 1 and

Gls) =Y e
(@)

where the summation is over nonassociative elements of Z[i].

Problem 7
1t L(s ) = 3 X
n=1

where x is the Dirichlet character mod 4 with
n

1 n=1 mod4
x(n)=4¢—-1 n=3 mod 4

0 otherwise
then (x(s) = ((s)L(s,x).

Problem 8

Use (i (s) to show that Z[i] has infinitely many irreducible elements.

20
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3.2 July 19, 2023

Definition 3.1: Dirichlet Character mod 4
The Dirichlet Character mod 4 x(n) is defined as
1 n=1 mod4

—1 n=3 mod4

0 otherwise.

x(n) =
The Dirichlet character satisfies x(mn) = x(m)x(n).

Definition 3.2: Dirichlet L-function

We define Dirichlet L-function as

L(87X) = Z XT(;Z)

Example 7

1 1 1

Does the alternating series L(s, x) = ICETRET

PROMYS - Joshua Im (July 3 - August 10, 2023)

— —- .- converges or diverges?

Solution Use the alternating series test. Since the sequence 1/1%, 1/3% 1/5%, -

1
is decreasing if s > 0, and lim — = 0, the alternating series converges.

n—oo NS
Example 8
1 24n 1 1 1
€ Xo(n) {0 9 | n. oes (57X0) 1s + 3s + 5s +
diverges?

Solution We see that

Lisixo) = s+ + 5+
gél&s’XD) 2%’*’1;s'+ 2és'+"
Therefore,
(EE T A

converges or
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~1

1

So since (1 — ) L(s,x0) = ¢(s), lim L(s,xo) diverges.
28 s—1+

Remark

Even though the alternating series L(s, x) = 1/1°—1/3°+1/5°—- - - converges,
L(s,x0) =1/1°+1/3°+1/5°+4--- diverges. this implies that the convergence
of the alternating series doesn’t say that the series converges absolutely.

1 1
Question Does Z — and Z — converge or diverge?

p=1 mod 4 p p=3 mod 4
p prime p prime

Theorem 3.2

1
Z — converges if and only if s > 1.

p=1 mod 4
p prime

1
It is easy to prove that Z — converges when s > 1 because it is smaller

p=1 mod 4
p prime 1
than ((s). We only prove that Z — diverges.
p=1 mod 4
p prime
Proof.
log L(1,x) = Z log (1 — X(p)>_1
p prime p
2 3
. (x(p) n X2(p2) n xépg) L
p prime p P P
- LYy
p prime p prime n>2
We see that

SDID IR DD I D DD I

pprimen>2 pprimen>2 p prime n>2

22
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x(p") . m? m?
E g bounded by —— and —. Th
SO o is bounded by ——- and — en

p prime n>2

1 w2
lim 1 log L(1,x) = - tuff bounded by 0 and —
Jim, og ((s) +log L(1, x) Z + (s uff bounded by 0 an 6)

p prime
x(p) m? m?
E o tuff bounded by — — and —
' p prime p * (S b ounde Y 6 an 6 )

= % +2 Z 1 + (bounded stuff)

p=1 mod 4 p
p prime

Since the left-hand side diverges, the right side should also diverge, which implies
1
that Z — diverges. |

p=1 mod 4
p prime

Similarly, we can find that

1
log ¢(s) —log L(s,x) =2 Z — + (bounded stuff),

p=3 mod 4 p
p prime

L.
SO E — diverges.
p=3 mod 4
p prime

Theorem 3.3

1
Z — converges if and only if s > 1.

p=3 mod 4
p prime

Problem Set 8

Dirichlet Characters and L-functions

Problem 1

Let p = 5. Write down a table of all the Dirichlet characters mod p with their
values on each congruence class mod 5.

Problem 2

How many Dirichlet characters are there mod 5?7 Can you generalize?

23
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Problem 3

Use your table to compute Zx(a)x(b) for fixed a and b. Also compute
X

4
Z Xi(a)x;(a) for a fixed pair of characters x; and x;. Any conjectures?
a=0

Problem 4
Using Dirichlet characters, zeta functions, and logarithms thereof, can you

find an expression that is close to Z —7 What is the error between
p=1 mod5
your expression and this sum?

Other Primes and Zeta Functions
Let Cx(s) be the zeta function for Z[i] defined in Pset 7:

1
() =11 TN
(m)

where the product is taken over nonassociative irreducible elements of Z[i]. Recall

that
1

Cre(s) = Z Nas
(a)

where the summation is over nonassociative elements of Z[i]. (This converges for
s>1.)

Problem 5

What proportion of elements of Z[i] are squarefree?

Problem 6

What is the probability that two randomly chosen Gaussian integers are rela-
tively prime?
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3.3 July 20, 2023

Example 9

= 11 1
Find the val fE 1" =l—c4+=-—Z+---.
ind the value o n:O( ) 1 3+5 7_|_

Solution Let f(x)

derivative of f(x),

+-+-. Then f(1) = L(1, x). If we take the

€T —

fllx)=1—2*+a* —a2b +...

_ 1
T 14 a2

Since f'(x) = 1/(1 + 2?), f(z) = arctanz + C for some constant C. To find C,
substitute = 0, and you get arctan 0+C = C = 0, s0 C = 0, and f(z) = arctanz.

Therefore,

1 1 1
1—§+g—?—|—-~-:f(l):arctanlzg.

Problem Set 9

Primes in Congruence Classes
Recall from Pset 5 that the Dirichlet density of a set of primes P is defined to

be: > .
d(P) = lim —=2€PP
s—1+ log(s — 1)~1
Problem 1

The Dirichlet density of primes that are 1 mod 4 is 1/2. The Dirichlet density
of primes that are 3 mod 4 is also 1/2.

Problem 2

The Dirichlet density of primes that are 1 mod 3 is 1/2. The Dirichlet density
of primes that are 2 mod 3 is also 1/2.

Problem 3

There are infinitely many primes that are ¢ mod m, and the Dirichlet density
of such primes is 1/¢(m).
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Dirichlet L-functions at s =1

Problem 4

Consider

Fis)= [ L(s.x)

x mod 5

where the product is taken over Dirichlet characters mod 5. Then F(s) > 1
for s > 1.

Problem 5
If x is a Dirichlet character mod 5 that takes complex values, then L(1, x) # 0.

Week 4

4.1 July 24, 2023
Problem Set 10

Beyond s > 1
Problem 1
Define .
11 1 (—1)n—t
=1 — 4+ —_ = =
Ca(s) 5 + CTRRT + 2

Then (»(s) converges for s > 0 and when s > 1, (2(s) = (1 — 217%)((s). Thus,
using (5(s), we have a way to extend the definition of {(s) to s > 0.

Problem 2

For any natural number m > 2, define

1 1 m—1 o an,
(s =14+ — 4. — R on
Cmls) =1+ 55 + +(m71)5 — T 2 s
where a,, = 1 for n # 0 mod m and a,, = —(m — 1) for n = 0 mod m. Then

Cm(s) = (1 —m!=%)((s) when s > 1, and we can extend the definition of ((s)
to s > 0 using the formula

Gm ()

((s) = m

This ration does not depend on the choice of m, so using different values of m
will not change the extended definition of ((s).
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Problem 3
((s) <0for0<s<1.

Dirichlet L-functions at s =1

Definition 4.1: Gauss Sum
Define the Gauss sum mod a prime p to be:
p—1 a
£
a=1 p

where (%) is the usual Legendre symbol and w = e2™/P is a p-th root of unity.

Problem 4

Evaluate g, for various primes p.

Problem 5

If L(s, x) is the Dirichlet L-function with Dirichlet character equal to the Leg-
endre symbol, and g, and w are defined as above, then

Hr(l — wr) — egpL(l,X)
[, —wn) ’

where the product over r is the product over all quadratic residues mod p and
the product over n is the product over all quadratic nonresidues mod p.

Problem 6

Use the previous problem to compute L(1,x) for p = 5 and y the Dirichlet
character that is equal to the Legendre symbol.

4.2 July 26, 2023

We will now prove the generalization of this sums.
Theorem 4.1: Dirichlet’'s Theorem on Primes in Arithmetic Progressions

If ged(a, m) = 1, then there are infinitely many primes that are a mod m.

We look for ideas to prove this theorem. The idea is to use Dirichlet characters and

think about L(s,x) = Z @ We can use logs, and add/subtract combinations

n
of these to pick out @ mod m primes.
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I Question How should we isolate the a mod m congruence class using characters?

Recall that the Dirichlet character mod m is a function
X : Up — C that is multiplicative and nonzero. We extend this to Z by setting
x(a) =0 if ged(a,m) # 1.

We now prove some conjectures that may be helpful to prove the theorem.

Claim
The set of Dirichlet characters mod m forms a group with the operation * such
that (x1 * x2)(a) = x1(a)xz(a).

Proof. Note that  is a binary operation on the set of Dirichlet characters. Let D,,
be the set of Dirichlet characters mod m. We first prove that y; * x2 is a Dirichlet
character.

(X1 * x2)(ab) = x1(ab)x2(ab)
= x1(a)x1(b)x2(a)x2(b)
= x1(a)xz(a)x1(b)x2(b)
= (O * x2)(@) - (x1 * x2)(0),

S0 X1 * X2 is also a Dirichlet character. Associativity is inherited from the associa-
tivity of multiplication in C. The identity element is x. such that

2 = 1 ged(a,m) =1
xe(a) {O ged(a,m) # 1.

For inverses, if y € D,,, define x ™! as

gy = Jx@7h x(@) #0
X~ (a) {0 (@) =0,

1

To prove that x ! is actually a Dirichlet character, we need to prove that x ! (ab) =

X~ Ha)x ().
If ged(ab,m) # 1, then x(ab) = 0, and x~!(ab) = 0. If ged(ab,m) = 1, then
since x(ab) # 0,

X" *(ab) = x(ab) ™

=x(0)"'x(a)"!
x(a)"Ix(b) 7! (x is commutative)
X

=x"H(a)x 7 (b),

X~ * is multiplicative, and it is a Dirichlet character. Therefore, D,, is a group. W
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Problem Set 11

Good ldeas Revived

Problem 1

o0
If Z a, converges, then for any real number r > 0, there exists NV € N such
n=1
o0
> an
n=N

that <r.

Problem 2

Consider the following argument that % diverges. Assume it converges, and

c . ]
] k
< )
p

p<N

Then sum over k to get a piece of harmonic series (the part that includes
integers whose prime factors are all less than N). Summing over k, we also
got a geometric series. Does this idea work?

Modify this idea slightly by considering
(=)
p>N p

instead. Can you use this to prove that the sum of the reciprocals of the primes
diverges?

Gauss Sums

Definition 4.2: General Gauss Sum

Define the general Gauss sum mod an odd prime p to be:

eSS (5 )

t=1 p

where (}%) is the usual Legendre symbol and w = €2™/? is a p-th root of unity.

Problem 3

How is this more general Gauss sum related to the previous definition?
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Problem 4

If we set ¢ = g,(1) to be the Gauss sum defined on Pset 10, then g? = p
where p* = p if p=1 mod 4 and p* = —1 if p = 3 mod 4.

*

Problem 5

For p and ¢ odd primes, prove the law of quadratic reciprocity by computing
g? and ¢, where g is the Gauss sum mod p used in P4.

4.3 July 27, 2023

Claim

If U,, is cyclic, then Dy, is cyclic.

Proof. Let g be a generator of U,,, and let u = ¢g*. Define

27 u a 2mik
¥ U~ xu, where x,(a) = e#0m) 1985198 — oty

logg

Then x,(g9) = e%, which makes D,,, cyclic. |

Question Is ¢ an isomorphism?

Claim

If U,, is cyclic, then the three groups (Up,, x), (D, *), and
(¢(m)th roots of unity, x) are isomorphic to each other.

Proof. v is a bijection. Since U,, = {g,¢>,...,9?(™} are different, Xgs Xg2» -«
Xge(m) all behave differently, and they are different. But also, any element of D,
must take g to a ¢(m)th root of unity, so we’ve covered all possibilities.

To check if 9 is an isomorphism, suppose u1 = ¢*', and us = ¢g*>. Then

2mi(ky+ko)

P(uruz)(g) = e~ »0m

2miky  2mikg

=eetm vt = (¢(ur) * Y (u2))(9)-

So % is an isomorphism. |

Claim
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Proof. Fix a, and assume D, is cyclic. Suppose x, is a generator. Then D,, =
{Xga Xfp e 7X§(m)} So

@(m)
p(m) i . .
i w*  where w is the p(m)th roots on unity
S =Y 0= X
XEPm =t 0 ged(a,m) # 1.

Ifa =1 mod m, then x,(a) = 1. But also, if x(a) = 1 for all x € Dy, then a must
be 1 modm. Soifa #1 mod m, x4(a) # 1, otherwise x}(a) = 1 for 1 < i < @(m).
Since x,4(a) is a root of x?(™) —1 = (x — 1)(x?™ =L 4 x#(M =2 4 ... 4 x +1) =0,
Xg(a) should be a root of ¥ =1 4 y#(m)=2 ... 1y + 1 and thus is the sum
we want. This is indeed ¢(m) when a =1 mod m, and 0 otherwise. [

Problem Set 12

Dirichlet Characters

Definition 4.3: Primitive Dirichlet Character

We call a Dirichlet character primitive if it is not trivial and does not "come
from" a character mod d for a proper divisor d of m.

Problem 1

Consider the Dirichlet characters mod 8 and mod 4. Notice how the non-trivial
Dirichlet character mod 4 induces one of the characters mod 8. Which one?
Write a careful definition of what it means to be primitive (maybe starting
with what it means to not be primitive).

Problem 2

Which moduli m have all Dirichlet characters? That is, every Dirichlet char-
acter mod m only takes on the values 0, +1.

Problem 3

Every real Dirichlet character has the form
xoxi'xs [ 1 <>
peES p

where - is the input and the operation is *, xq is the trivial character mod m,
X4 is the nontrivial character mod 4, xs is the character mod 8 with xs(n) =1
if n =41 mod 8 and xs(n) = —-1if n=+3mod 8, ¢ =0or 1, and S is a
finite (or empty) set of primes.
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Problem 4
Compute L(1,x) for each of the Dirichlet characters mod 8.

Gauss Sums and L-functions

Definition 4.4: Even More General Gauss Sum

Define the even more general Gauss sum mod a prime p and x a character

to be:
p—1

gla,x) = > x(Hw

t=1

where w = e2™/? is a p-th root of unity.

Problem 5
If x is not the trivial character, then |g,(a, x)| = /p-

Problem 6

Setting w = e2™/P compute

p—1
Z wakw—nk
k=1
for fixed a and n. Write a formula for the function

fa(n)—{l ifa=n modp

0 otherwise.

Problem 7

If x is not the trivial character, then
151
L(L X) = _;? ng(k7 X) log(l - wk)'

k=1

Hint: First rewrite L(s,x) for s > 1 by grouping terms according to their
residue class mod p. Then take the limit as s — 1.
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Week 5

5.1 July 31, 2023

We now want to prove that

ZX(G):{O az1l modm

= p(m) a=1 modm

in general cases, even when D, is not cyclic.

Proof. Take any character 1. Then x(a) = ¥(a)y~(a)x(a), so

Y x(a)=d(a) Y v (a)x(a) =¢(a) Y x(a).

z€D,, z€D,, z€ED,,

This implies that either ¢(a) # 1 and Z x(a) =0, or ¢(a) =1 for all ¢ € Dy,.
€Dy,

(a) =1 for all ¢ € D, means ¢ =1 mod m and hence Z x(a) = ¢(m). So
€D,
we are done. (]

Then we have two questions.
I Question Does 1(a) =1 for all ¢ € D,,, implies that a =1 mod m?

Question Does a =1 mod m implies Z x(a) = p(m)?
z€D,,

We answer to the question by proving that U, is isomorphic to D,,, even if
U,, is non cyclic.

Theorem 5.1

U, =2 Dy,

Example 10
Take U5 = U3 x Us. 2 is a generator in both Uz and Us. Since

2 mod 3 1 mod 3
11 = and 7=
1 mod5H

Uis is generated by 11 and 7, i.e. Ujs = 117 for 0< k<land 0 << 3.
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Proof. Let m = 2tpfpk2 ... pks. Then, U, = Uy x Uyer X oo X U
1 s
e if t =1, then U, is generated by 1.
e if t = 2, then U, is generated by 3.

e if £ > 2, then since 3 has order 272, and -1 is not a power of 3, U is
generated by 3 and -1.

Also, we can find generators of each Upki because Upkl, Uka, ey Upks are cyclic.
7 1 2 s
Finally, the mapping

X = (x(91), x(92), -, x(95))
2mily 2mily omily
— (ew(p’fl)76¢(p§2)7 _._’ew(plscs))
|_) glllgl22 .« géé‘
implies that D,, is isomorphic to U,,. |

Then for the second question, since U,, = D,,, D,, has ¢(m) elements, so

Z x(a) = ¢(m). For the first question, if @ # 1 mod m, then there exists [y,
€D,
la, ..., I, # 0 such that a = glllgé2 -~ glr. If we take the character that has

1 jFi
x(g;) = § 2=
ee®*) j:Z

then x(a) # 1. So finally we have

Theorem 5.2

p(m) n=1 modm
> x(n)—{o( et
=l otherwise
Theorem 5.3

1 p(m) n=a modm
> x(na™h) = :
0 otherwise.

XED,
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Problem Set 13

Primitive vs. Imprimitive Dirichlet Characters

Problem 1

If x is a primitive character mod d and x’ is an imprimitive character mod
dk = m that is induced by x, then how are L(s, x) and L(s, x’) related?

Problem 2
Compute g, (a, x) for primitive characters mod 6, 8, 9, 10, 12, .... Any con-
jectures?
Problem 3
If x is a primitive character mod m, then
m—1 m—1
1 - gm(1, x — -
LX) = = 3 gl ) Tog(1 — ) = ~ 22X S0 (1 — o)
m m
k=1 k=1
Numericals
Problem 4

Let x_,, be the character x_,(a) = ("), where this means the usual Legendre
symbol if a is an odd prime. For a = 2, we have

1 ifm=1 mod8&

m .
<2>= —1 ifm=5 mod8
0 otherwise.
and if a is a product of primes a = pi'p5---pf, we set () =

() ()2 -+ (). This is a character mod...?

Problem 5
Use a computer to calculate L(1, x_,) for n = 2, 5, 6, 10, 13, 14, 17. Compare

to m/y/n.

Problem 6
Which Z[v/—n] have unique prime factorization for n = 2, 5, 6, 10, 13, 14, 177?
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5.2 Augqust 2, 2023

To prove that there are infinitely many primes of ¢ mod m, we show that

1
Z — diverges.

p=a mod m
p prime

Lemma

1
If ged(a,m) = 1, then Z — should diverge as long as the sum of

p=a mod m
p prime

L(1,x) is negative infinity for all the other characters.

Proof. We have

Y m X 5o M

p=a mod m pprime x€D,,
p prime

ZZ”p

a:G]Dm p prime

1 a1
:7)2 X

(p(m €Dy, p prime
- X))\
Recall that L(s,x) = Z H (1 - S) . So
= p prime p
log L(s, x) = log H < X(f )
p prime P
- Y o (1 - X@j))

p prime p

-y > o

pprime n=1

:ZX

p prime p prime n=2

TLS
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We see that Z Z X(p is bounded because

p prime n=2

oo

x( 72
Zznpm ZZW%:ZZ < g
p prime n=2 p prime n=2 pprime n=2
This tells us that

1 _

W Z x(a™")log L(s, x)

\ X€ED,

__1 x

XG]D)m p prime p prime n=2

ey y e wgn)z ) ¥ z

XeDm p prime XEDm p prime n=2

1 1 )
= —+——
pP=a Zm:od m pS @(m) x;);m [%r:ne nz:Q TLS

p prime

= Z is + (bounded stuff)

p=a mod m
p prime

because the second term is a finite sum of bounded terms, thus it is bounded. We
will now prove that L(s, x) diverges for s = 1. We look at ., the trivial character.

(n) 1 ged(m,n) =1
eln) =
X 0 otherwise

Then
Moo= I[ (1-22)
p prime
() Tg)
ptm p° plm
T()
ptm 4
1\~" 1\'
This differs with ((s) = H (1 - S) by H (1 - S) , which is a finite
h p p
p prime plm
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product since there are prime divisors of m. So

lim L(s, xe) = o0
s—1

1
since log {(s) diverges as s — 17. Therefore, Z — should diverge as long

p=a mod m
p prime

as the sum of L(1, ) is negative infinity for all the other characters. [ |

Problem Set 14

Expressing L(1, x)

Problem 1

On the last problem set, you showed that if x is a primitive character mod m,
then

m—1 m—1

L(1) =~ 3 gk ) log(1 ) = ~ 22 S S0y (1 - wh)
k=1 k=1

If the modulus is actually a prime p that is 3 mod 4, and x(a) = (), can you
simplify this expression for L(1,x)?

Numericals

Problem 2
Which primes p in Z are still prime in Z[/—2]? Are 2, 3, 5, 7, 11, 13, 17 prime

in Z[/-2]?

Problem 3
Which primes p of Z can be written in the form z2 + 2y2?

Problem 4

Which primes p in Z are still prime in Z[v/—5]? Which primes p of Z can be
written in the form z2 + 53%?

Problem 5

A binary quadratic form is a polynomial of the form Q(x,y) = ax?+bzy +cy?,
where a, b, ¢ € Z. How mant inequivalent quadratic forms have discrim-
inant -87 What about -20?7 Here, two binary quadratic forms @ and Q’
of discriminant D are equivalent if there exist R, U, S, T € Z such that
Q(Rx + Sy, Tz + Uy) = Q' (z,y).

38



