Laplace Transforms

Joshua Im

July 29, 2023

This handout covers about Laplace transforms that are used to solve ordinary
differential equations. Laplace transform is a useful technique in solving ordi-
nary differential equations. We look over definition, properties, and techniques for
solving differential equations.

Definition of the Laplace Transform

Definition 1.1: Laplace Transform

Let f be a function defined for ¢ > 0. Then the integral

2(0y = [ e
0
is said to be the Laplace Transform of f provided the integral converges.

We usually use the notation
L{f(t)} = F(s), Z{g(t)} = G(s), and L{y(t)} = Y (s).

Example 1
Evaluate .Z{1}.

Solution

—e st —emh 41 1
= lim —— = —
S 0 b—oo S S

L{1} = /0 e 1dt =

provided s > 0. If s < 0, the integral diverges.

Example 2

Evaluate £{e®}, where a is any real number.
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Solution

o] (—s+a)t | (—s+a)b _ 1 1
L™} = / e~steat gt = © — lim & =
0

—s+a |, b— 00 —s4+a s—a

provided s > a. If s < a, the integral diverges.

From now on, we use the notation [~ f(t)dt as limy_ fob f(t)dt. Also, we
assume that the conditions for s are satisfied.

Theorem 1.1: Linearity of the Laplace Transform

Suppose that there exists Z{f1} and Z{f2} for s > a1 and s > as. Then,
for s > maz{ai,az2},

L{eifi+eafa} = e L{fi(t)} + caZ{ fa(t)}.

Proof.

Plerfi +eafa) / T et eafu(t) + eafolt)) e

=c /OO e St f1(t) dt + co /00 e 5 fo(t) dt
0

= Z{i()} + 22 {f(1)}. "

Some transforms of basic functions are:

1
L1 = —
{1} =1
2y = =123 Plet) = 1
{ }—Snﬁ,n— NP/ IR {e }—E
. k s
f{sm kt} = m, g{COS kt} = m
Example 3
Evaluate Z{t — t? + 2¢e%}.
Solution
1 2 2

L{t =17 + 2"} = L{ty - L{P} +2.2{"} = -+ 5 — T
s s 5 —

Of course, the improper integral [;° f(t)e*! dt might not exist. Then, when
does the Laplace transform exist? We propose a theorem of a condition for ex-
istence. We first define two terminologies, piecewise continuous and exponential
order.
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Definition 1.2: Piecewise Continuous Function

A function f is piecewise continuous when the number of discontinuous points
in (—o0,00) are finite.

Definition 1.3: Exponential Order

A function f is of exponential order when there exists constants a, k > 0 and
T > 0 such that

f(t) < ke,

This means that f should be eventually smaller than an exponential function.
For example, f(t) = t" is of exponential order for any natural number n, but
2
f(t) = e is not of exponential order.

Theorem 1.2: Sufficient Condition for the Existence of Laplace Transform
Suppose f is piecewise continuous on [0, 00) and of exponential order. Then

the Laplace transform of f exists for s > 0.

Proof. We divide [0, 00) to [0,T") and [T, 00).

00 T oo
—st _ —st —st
/0 e f(t)dt—/o e f(t)dt+/ e=Stf(¢) dt.

T

We get that fOT e st f(t) dt is finite. Since f is of exponential order, there exists
some constants a, k > 0 and T" > 0 such that

|f(t)| < Me for t > T.

Therefore,

‘/T = f (1) dt’g/ et F(0)] dt

T
oo

§M~/ e st et dt
0

ef(sfc)T
=M -— fors>c. |
s—c¢

We now know about existence, but how about uniqueness? What if there are
two different Laplace transforms for a function? That is actually not the case, and
Laplace transform is unique. However, the proof of uniqueness is beyond this level,
so we do not state here. From now on, one can assume that Laplace transforms of

functions are unique.
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Theorem 1.3: Uniqueness of the Laplace Transform

Assume that f, g : [0,00) — R are continuous and of exponential order. If

L)} = L{gt)}, the f(t) = g(t).

The Inverse Laplace Transform

2

Definition 2.1: Inverse Laplace Transform

If F(s) = Z{f(t)} we say that f(t) is the Inverse Laplace Transform of
F(s).
f(t) =27 {F(s)}

Inverse transforms of some functions are:

{1l
S
! 1
M Ny 193 & — oot
sntl s—a

k . 5
X{M}—Slnkt, X{M}—COS kt

Like the Laplace transform, the inverse transform is also linear.

Theorem 2.1: Linearity of the Inverse Transform

The inverse Laplace transform is a linear transform. That is, for constants
c1 and ca,

LHeF(s) + 2G(s)} = 1.2 HF(s)} + . L HG(s)}).

Example 4
Evaluate ! { i4 }

1 1 3! 1.
1) 2V L)l s
z { s } 3!$ { st } 6
Example 5

2
Evaluate fl{ §+3}.
s“+9

Solution
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Solution

2s+3 s 3
1) 25Tl _ p1)y S O
= {52+9} <z {2 52+9+52+9}

3
— 9 g1 S -1
e )

= 2cos 3t + sin 3t.

Transforms of Derivatives and Integrals

3

In this section, we see some properties of Laplace transforms and how they can be
used to solve ordinary differential equations.

Theorem 3.1: Transforms of Derivatives

If f/ is continuous on [0, 00) and assume that f is of exponential order. Then,

Z{f'(t)} = sF(s) = £(0).

If £, f,---, f"=1) are continuous on [0, 00) and are of exponential order, and
if £(")(t) is piecewise continuous on [0, 00), then

LM ()} = s"F(s) — " f(0) = s"T2f(0) — - — fTD(0).

Proof. We use induction. For n =1,
2(rw)= [ e rwa
0

= e £ (1)

+ s/ e St f(t)dt
0 0

= —f(0) +s2{f()}
= sF(s) = f(0).

Assume the equation holds for n = k. So,

LUO ) = FF(s) — *7(0) — F727(0) - — fED0).
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Forn=k+1,
L) = [ et de
0

= e f(t)

—|—s/ e st R (1) dt
0 0

= —£90) + 521V (1)

= S(*F(s) — 55 11(0) — $5727(0) = -+ FED0) - £ (0)
= " (s) = s"£(0) = ¥ f(0) — - = fP(0),
which completes the induction. |

Theorem 3.2: Transforms of Integrals

If f is piecewise continuous on [0,00) and assume that f is of exponential
order. Then,
t
F
f{/ f(T)dT} = 25)7 and
0

Zl{Fis)}—/Otf(T)dT.

Proof. Let g(t) = f(f f (1) dr. We first prove that g(t) is of exponential order. Since
f is of exponential order, there exists k,a and 7 such that |f(t)| < ke®. Then,

/Ot f(r)dr

which shows that g is also of exponential order. Also, since %g(t) = f(t), and
g(0) = 0, by the Transforms of Derivatives theorem,

t t k k
< [15mldr< [ keomar =S -1y < B,
0 0 a a

lg(t)] =

210} = 2{ 90} = s20)6) - 90 = 52 {g(0).

Dividing by s for both sides gives us

2o} =2{ [ rryar} = £, .
Example 6
Evaluate 3_1{3(5214—1)}'
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Solution
1 1 1
—1 —1
= g —
{5(52+1)} {5 52+1}
¢
= / sinT dr
0
=1 — cost.
Example 7
1
-1
Evaluate f { m } .
Solution

Nawn) =< o)

t
:/ (1 — cosT)dr
0

=t — sint.

Solving Differential Equations with Laplace Transforms

Laplace transforms can be used in solving ordinary differential equations, especially
initial-value problems. The steps for solving initial-value problems are:

1. Apply the Laplace transform for both sides of the initial-value problem.
2. Solve the equation with respect to F(s).

3. Apply the inverse transform to the solution of F(s), and you get the solution
f(t) to the initial-value problem.

Example 8
Solve y' + y = 2cost, y(0) = 1.

Solution Applying Laplace transform to both sides gives you

sY(s)—y(0)+Y(s)=2- szi—l
(3+1)Y(s)—1:2~#
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If you solve for Y (s), you get

1 2s
Y pr—
&)= AT DT D)
_ S n 1
Ts241 0 2417

If you apply the inverse transform for both sides, you finally obtain
y(t) = cost + sint

which is the solution of the equation given.

Translation Theorems

4

Theorem 4.1: First Translation Theorem
If Z{f(t)} = F(s) and a is any real number, then
L{ef(t)} = F(s —a),and
ZTUF(s — a)} = e f(1).

We also use the notation F(s) for F(s —a).
s—s—a
Proof.
20y = [ a
= F(s—a). |
Example 9

Evaluate £ {e?!t°}.

Solution
5! 120
LY = L{t9) g0 = — = -
{717} {t"}sms2 sS| ., (s—2)
Example 10
_ s
EValuate f 1 { 52—45—"—13}
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_1 S 1) 82
S CE s R E I

s 2 3
:‘$71 -
{<52+9+3 52—1—9)

2
= e cos3t + gezt sin 3t.

s—)s—Q}

Example 11
Solve y"" — 2y’ + 1y = tet, y(0) = 0, y'(0) = 4.

Solution Applying Laplace transform to both sides gives you

L' - 220y + L{y} = 2t}

s?Y (s) — sy(0) — ' (0) — 2V (s) +2y(0) + Y (s) = (s —1)2

If you solve for Y (s), you get

1
EENE
4 1
G-12 -1t

(2 =25+ 1)Y(s) =4+

Y(s) =
If you apply the inverse transform for both sides, you finally obtain

1
y(t) = 4te + 6t3et.

Definition 4.1: Unit Step Function

The unit step function % (t — a) is defined as

Yt —a) = {0 t<a
1 t>a.
People also call this function as the heaviside function. However, we will call it as
unit step function here.
When a function is multiplied by % (¢t — a), the function becomes 0 for ¢ < a,
and itself for ¢ > a. That is,
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If you want to shift the function a units to the right, you can take

0 t<a
ft—a) t>a.

f(t—a)%(t—a)Z{

Also, general piecewise functions of the type

() = {g(t) t<a

h(t) t>a.
can be expressed as
Ft) =g(t) = (9(t) = h(t))% (t — a).
Similarly, piecewise functions of three cases

gt) t<a
FO=nt) a<t<b
g(t) t>b

can be written
Ft) = g(t) + (h(t) — g(0) [% (t — a) — % (t - b)].
One can generalize this to functions of several cases, even more than three.

Theorem 4.2: Second Translation Theorem

It Z{f(t)} = F(s) and a > 0, then
L{ft—a)%(t—a)} =e **F(s), and
L He ™ F(s)} = f(t —a)%(t — a).

This can also be written as
Lg% (t—a)} = e L{g(t+a)}

when you put g(t) = f(t — a).

10
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Proof.

LU — )W (- a)} = /ae’“f(t — Q)W (t—a) dt+ /OO e~ F(t— a)% (L — a) dt

0 a

:/aodt+/me*5tf(t_a)@/(t_a) dt
0 a

= /Oo e f(t—a)% (t—a) dt.

a

If we substitute v =t — a, since dv = dt,
L{ft—a)%(t—a)} :/ e f(t —a)%(t —a) dt
:/ e st f(v) du

— e~ / T e () do

=e “2Z{f(1)}. n

Corollary : Laplace Transform of a Unit Step Function

S S

L{U (t —a)} :e—asiﬂ{l} e

Example 12
Evaluate Z{cost% (t — )}.

Solution

LleostU (t —m)} = e~ ™ L{cos(t + 1)} = —e™ L{cost} = 7%67“.

s
Example 13
1
Evaluate f‘l{ 6_68}.
s—2
Solution )
_1{8 — 26 65} — 62(t_6)02/(t _ 6)
Example 14

0 0<t<m

sint t>m.

Solve y' — 2y = f(t), y(0) = 0, where f(t) = {

11
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Solution f(t) can be written as f(t) = sint% (t — 7).
Applying Laplace transform to both sides gives you

L'y —22{y'} = L{sintw (t — )}

sY(s) —y(0) —2Y(s) = 2 :_ 16771—8

If you solve for Y(s), you get

1
—2)Y(s)=————e 7"

(s =2 (5) = — e

.t
(s—=2)(s?+1)

1 os+2 11

5 241 5 s—2

Y(s)=—

If you apply the inverse transform for both sides, you finally obtain

y(t) = écos(t — M)W (t—7) + % sin(t — )% (t — ) — %62@*”)%@ — )

_JO t<m
Lcos(t —m) + Zsin(t —m) — L™ >

The solution of a differential equation including unit step functions may not
be differentiable at some points. In this case, we differentiate piecewise, so that
the function is continuous, and each part of the function satisfies the differential
equation. For the example above, each side of the solution satisfies the differential
equation. Also, the solution is continuous because lim;_,. y(t) = 0 = y(m).

Derivatives and Integrals of Transforms

5

Theorem 5.1: Derivatives of Transforms
If Z{f(t)} = F(s) and n=1,2,3,---, then

Z2{t"f(t)} = (71)”%F(5), and

7 { dd;} = (=1)"t"f(t).

12
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Proof. We use induction. For n = 1, since

d d [
LR(s) = £/0 oy

<9
= /O %(e*“f(t)) dt (by Leibniz Rule)
= /OO —e S tf(t) dt = —ZL{tf(t)}, and
0

d
210} =~ 2{f (1)}
Assume the equation holds for n = k. So,

k
L)) = (-1 F ()

Forn=Fk+1,
d i dk _ i dk+1
5 (0 FO) = (U )

d —styk
- — stk £(4) dt
s J, e f@)

_ / g(gsttk £(t)) dt (by Leibniz Rule)
0 S

= /OO —e St tRf(t) dt = —L{tFT (1))
0

Therefore,
dk+1

20} = (-1

which completes the induction. |

The Leibniz Rule used in the proof is a theorem that interchanges the derivative
operator with the partial derivative operator inside the integral.

L[ rwna)=[ 2w a.

13
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Theorem 5.2: Integrals of Transforms

It Z{f(t)} = F(s), then

> e—st f(t)

0 t

:g{f@)} »

Example 15
3
Evaluate .fl{ In s+ }

s—2

Solution

Since d(lns+3) = d%(ln(er?)) —In(s — 2))

ds §—2
1 1
s+3 s—2 =7},
1 1
—tf(t) =21 -
=2 {s—|—3 3—2}
— et _ g2t
2t _ -3t
andf(t):e te

14
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Example 16
Solve y” +y = tet, y(0) = 0, ' (0) = 1.

Solution Apply Laplace transforms to both sides, we get

2L{y"} + ZL{y} = L{te'}

7Y () = sy(0) —y'(0) + Y (s) = ‘% s i 1
Solve for Y (s), then
(s* + 1Y (s) =1+ (s _11)2
1 1
Y(s) = 211 + (s2+1)(s—1)2

1 s 1 1 1 1

1
7§S2+1+82+1+2(3—1)27§s—1

Finally, applying inverse transform to both sides gives you the solution

(t) L t + si t—i—ltt L
= — COS S111 —te — —<e’.
=3 2 73

Convolution

6

Definition 6.1: Convolution

If functions f and g are piecewise continuous on the interval [0, c0), then the
convolution of f and g, denoted f * g, is a function defined by

f*gz/o'fmg(t—ﬂdr.

Example 17

Evaluate t * sin ¢.

15
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Solution

t
et*t:/ e (t—T)dr
0

t
= / (teT — TGT> dr
0
=tel —t—tel e —1=e€"—t—1.
Then, when is convolution used and why is it defined like this? The reason is

that it makes one able to multiply two transforms together! The theorem is called
the convolution theorem.

Theorem 6.1: Convolution Theorem

If Z{f(t)} = F(s) and Z{g(t)} = G(s), then

L1 * g} = L0} L{g(D)} = F(s)G(s), and
L YF(s)G(s)} = f * g.

Proof.
F(s) = 2{f(t)} = / T e f(r)dr and G(s) = Z{g(t)} = / T ey dn.

Then,

rece) = ([errman)( [T et n)

- / OO / " e f(r)g(y) dr dy
0 0

= ~ d s d
|t [ e g

If we let t = 7 + 7, since dt = dry, so

F(s)G(s) = /OOO £7) dT/TOO e~ g(t — 7 dt.

16
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Because f and g are piecewise continuous on [0, 00) and of exponential order,
we can change the order of integration. Therefore,

F(S)G(s):/ *Stdt/ f(r)gt—7)d
:/Oooest( 0 f(T)g(lf—T)dT) dt

=Z{f*g}. u

Corollary : Transforms of Integrals

f{/otf(f)dT}: Fis).

Proof.
o [} =2 [ 00 100}
=2{f(t) 1}
=2{f)} - 2{1}
= F(s)
_E) .
Example 18

¢
Evaluate f{ / sin 7 cos(t — 7) dT}.
0
Solution

¢
g{/ COSTsin(t—T)dT} = ¥{cost xsint}
0

= ZL{cost} - L{sint}

s 1
T 241 241
B s

o (s2+ 1)

17
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Example 19
_ 1
EValuate j 1 { m } .
Solution

. 1 _af 11
g {(32+k2)2 7‘7% 82+I€2 82—|—k'2

1k k
7k2$ {32+k2 32+k2}

1
— (sint * sint)

kQ

t
— [ sinkr sink(t —7) dr
k= Jo

1 (1
= —2/ —(cosk(2r —t) — coskt) dr
! [ ! sin k(27 —t) cos kt t
==l T—t)—T
2k2 | 2k 0

sinkt — ktcoskt
2k3 '

Properties of Convolution
Convolution has the following properties:
e The associative property, i.e. fx(gxh)=(f*g)*h
e The commutative property, i.e. fxg=gx* f
e The distributive property, i.e. f*(g+h)=fxg+ f*h

o fx0=0%f=0.

Integral Equations

There are not only differential equations, but also integral equations! Integral equa-
tions are simply equations that contain integrals. Solving integral equations are
very similar to solving differential equations, using Laplace transforms. Especially,
the convolution theorem is used frequently while solving integral equations. There
are also equations that contain both derivatives and integrals. Such equations are
called integrodifferential equations.

18
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Example 20

t
Solve y(t) —|—/ y(r)e! ™™ = 3t%
0
Solution First, we apply the Laplace transform for both sides.

2{y) + z{ / t y(T)e”} — 73}

L{yt)} + L{y(t) «e'} = 2{3t°}
Ly} + L{yt)} - L{e'} = 2{3t°}

1 6
v - -2
() + 2=V (s) =
Then, solving for Y (s) gives
S 6
s—1 (s) = $3
65 —6
Y(S) - 84
2
=P A SE oA

Therefore, if you apply the inverse transform, you get the solution

y(t) = 3% — 3.

The Dirac Delta Function

7

Definition 7.1: Unit Impulse

The unit impulse function 6, (t — tg) is defined as

0 t<tg—a

da(t —to) = to—a<t<ty+a

2a
0 t>th+a

where a > 0 and £y > 0.

19
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The unit impulse function has the following property:

/Oooéa(t—to):l.

Definition 7.2: Dirac Delta Function

The Dirac delta function 6(¢ — ty) is defined by the limit

5(t — t()) = i%éa(t — to).

The Dirac delta function has the following properties:

® J(t—ty) = {SO Z#io and
05

L] / 5(t — t()) dt = 1.
0

o oo

For usual functions, / d(t — to) dt = 0, but actually / o(t —to) dt = 1.

0 0
The Dirac delta function is not actually a function—it is a distribution. The Dirac
delta function doesn’t contain any meaning itself, but it is characterized with other
functions during integration.

Theorem 7.1: Shifting Property of Dirac Delta Function

If f is a continuous function, then

/ S0t~ o) F(1) dt = f(to).

Proof.
/ S(t—to)f(t) dt = Tim [ 6a(t — to)f(£) dt
0 a—0 0
) 1 to+a

By the mean value theorem for integrals, there exists ¢ € (to — a,to + a) such that

to+a B
/t F(t) dt = 2af (D).

0o—a

20
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Finally,
o0 1 [tota
/0 ot —to)f(t) dt = (113%% /to_a f@t) dt
= lim i(Qaf(f))
a—0 2a
= f(to)
Since £ — 0 as a — oo. |

Theorem 7.2: Transform of the Dirac Delta Function

For tg > 0,
L6t —ty)} = e 5t

There are two proofs, using the shifting property or the unit step function. We
state both.

Proof. 1f we set f(t) = e™%¢, then
L5t —to)} = / S(t —tg) - e 5t dt = e~ st
0

Since f(ty) = e 5%, [ |

Proof. We first write the Dirac delta function as a combination of unit step func-
tions.

Salt —to) = ;CL(%(L‘— (to—a)) — % (t— (t0+a))>.

If we apply the Laplace transform,

LL6a(t — o)} = z{;a (@/ (t—(to—a)) =% (t— (to + a)))}

1 e—s(to—a) e—s(to-i-a)
()

as —as
— e—sto € —¢€
2as

21
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Since the Dirac delta function is the unit impulse when a — 0,

Z{6(t —to)} = lim Z{da(t —to)}

B ) eds _ g—as
=e %% lim [ —————
a—0 2as

— ¢St lirr%) (se;—‘se) (by L’Hopital’s Rule)
a— as

= ¢~ Sto, [ |

Corollary
Z{6(t-0)} =1.

Solving differential equations containing the Dirac delta function is similar with
those without the Dirac delta function. The Dirac delta function comes out when
one generates a differential equation with a function that is not differentiable at
some point. The Dirac delta function in a differential equation doesn’t contain a
meaning itself, and something comes up only when one applies the Laplace trans-
form. Since an exponential function comes out when you apply Laplace transform
of the Dirac-delta function, the solution of the differential equation containing the
Dirac-delta function contains unit-step functions.

Example 21
Solve " +y = 6(t — ), y(0) = =2, and 3'(0) = 0.

Solution If you apply the Laplace transform for both sides, you get
s2Y(5) 4+ 25 +Y(s) =0 =e ™.
Then, solving for Y (s) gives you
(2 +1)Y(s) = 25+ e ™

—TS

S €

Y(s)=-2-
(5) 32+1+52+1

Using inverse transform theorem, you get

—24sin(t — m)% (t — )

B -2 t<2mw
—2— t>m.

y(t)

22
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Systems of Differential Equations

8

Laplace transform can also be applied when solving systems of differential equa-
tions, mostly linear systems. After applying the Laplace transform, one can solve
the system of algebraic equations, and then apply the inverse theorem to get the
solution of the system.

Example 22

Solve
2’ +y = cos2t
—x +1y =sin2t.

when z(0) = 0 and y(0) = 0.

Solution Applying Laplace transform for both equations, you obtain the system of

equations
s
X(s)—0+Y(s) =
SX(5) =0+ Y () =
_X(s) + 5V (5) =0 = —>
s2+4
which is the same as
s
X Y(s) =
SX(s) + Y (5) = g
—X(s)+ 5Y(s) = o
s)+sY (s =g

Solving the system of algebraic equations of X (s) and Y (s) yields

$2 2 1 2
X = = —
Sl B Py Bl g S

3s S s
Y(s) = - - .
Sl g Y PRy Bl g S

Therefore, the solution is
z(t) = —sint + sin 2t

y(t) = cost — cos 2t.

23
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Exercises

9

problems are calculation problems, while problems are miscellaneous problems.

Exercise 1 (Transform of Trigonometric Functions)

. (¢4 S .
Prove that Z{sinat} = i and Z{cosat} = i a by using Euler’s For-

+a +
mula e = cosz + isinx.

Exercise 2 (Not Exponential Order Function)

Explain why f(t) = et is not of exponential order.

Exercise 3 (Two Functions of the Same Transform)

In section 1, we stated that the Laplace transform .Z{f(¢)} is unique if f(¢) is con-
tinuous on [0, 00). Find two functions f and g, not necessarily continuous, such that

L{f®)} = Z{g(t)}-

Exercise 4 (Transform of t* where o ¢ N)

The gamma function is defined by
ING) =/ t* et dt
0
for & > 0. Use this formula to find .Z{t*} where o > —1 is any real number.

Exercise 5 (Transform of a Taylor Series)

Recall that the Taylor Series of a function is
/0 .
f(@) = Zo T

Show that .Z{e*} = ﬁ by expanding e®* as a Taylor series and using the formula

L{t"} =n!/s" T

Exercise 6
Solve " 4 4y = e’ — 10e™", y(0) = 2, ¥/ (0) = 7.

Exercise 7 (End Behavior of F(s))
If the Laplace transform of f(t) exists, prove that lims_ o Z{f(t)} = 0.

Exercise 8 (Initial Value Theorem)
If Z{f(t)} = F(s), prove that

lim f(¢) = lim sF(s).

t—0 5—00
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Exercise 9 (Final Value Theorem)

If Z{f(t)} = F(s), prove that
lim f(t) = ll—% sF(s).

t— oo

Exercise 10
Solve 3" — 8y’ 4+ 16y = t%e**, 4(0) = 0, 3/ (0) = 2.

Exercise 11

2 1
Solve y' — 2y = f(t) with y(0) = 0, where f(t) = { b<

—2 t>1.

Exercise 12 (Laguerre’s Equation)

Solve ty” — (1 — t)y’ + ny = 0 by applying the Laplace transform and then solving
the linear equation with respect to Y'(s).

Exercise 13

Solve f(1) + / Cfrydr =1,
0

Exercise 14

t
Solve y(t) — 2/ y(t — 7)e* dr = cos 2t.
0

Exercise 15 (Transform of Periodic Functions)

Prove that if f(¢) is piecewise continuous on [0, o), of exponential order, and periodic
with period 7', then

R0 0)) Jp——— / () dt.

1—esT

Exercise 16
Solve y"” 4+ 9y = §(t — ) + 26(t — 27), y(0) = 0, ¥'(0) = 0.

Exercise 17

Solve the following system of differential equations
' +9x -2y =0
y' —dr4+4y=0

where 2(0) = 0, 2(0) = 1, y(0) = 0, y'(0) = —2.
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